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Abstract 

Demographers are still trying to find a way of modelling the relationship between mortality 

and age. So far the Gompertz – Makeham function was for a long time universally used for 

extrapolating mortality curves. But at the present it is important to develop other models. It is 

primarily due to the fact that more and more people live to the old age. The second reason is 

better availability of statistical data. As a result of improving oldest – old mortality and better 

statistical data many new models have emerged. In this article, some of these models will be 

introduced and applied to the data on mortality Czech population. The results will be 

compared with the Czech Statistical Office mortality tables and the mortality tables without 

extrapolation. 
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Introduction 

Demographers always emphasized on the issue of estimating the mortality. Often, however, 

also alluded to the problem of the availability of statistical data. Problematic data was mainly 

among people over 80 – years. Previously, however, this did not live much aged persons. But 

right now it is changed. More and more people live to the old age. It also improves the 

availability of statistical data. In connection with this development, the approach has been to 

develop more models to estimate the mortality depending on the age. 

Estimates of the mortality that with increasing age decreases a lot, are dependent on the 

reliability of empirical data. Generally regarded as critical threshold age of 85 years. It is also 

important that the highest age there is a significant decrease in the number of deaths. To solve 



these problems, we can use one of many available models and extrapolated values of 

mortality up to the highest age. 

1 The most frequently used models for extrapolating mortality curves 

For a long time the dominant model for describing mortality depending on the age became the 

Gompertz model. This assumes that mortality intensity changes exponentially with age ( ie, 

with a constant relative proportion), (Thatcher et al., 1998).  

Gompertz function: x
x cb.=µ ,  

where b a c are parameters a x is age.  

Later, improvements Gompertz model William M. Makehamem which model supplemented 

by a constant expressing the independence of mortality on age. Constant consists mainly of 

external causes of death, (Thatcher et al., 1998). 

Gompertz – Makeham model: x
x cba .+=µ , 

where x is age and a, b, c are parameters.  

Based on empirical data, it was found that the Gompertz - Makeham model is suitable to 

apply to approximately 80 - years. In later life can no longer be relative mortality increases 

with age as constant. For this reason the modified Gompertz - Makeham model, which is 

based on the assumption that the rate of increase in mortality with increasing age decreases 

(Koschin, 1999). 

Modified Gompertz – Makeham model: 
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where x>x0, x0 is age, from which the compensation is performed using the modified 

Gompertz – Makeham model, a, b, c and γ  are parameters. 

This model is useful for leveling around the age of 85. It is a model that is focused on the 

highest ages.  

The most frequently used models (Boleslawski & Tabeau, 2001): 

 



Gompertz – Makeham function 

model: ,. x
x cba +=µ             (1) 

where x is age and a, b, c are parameters. 

Modified Gompertz – Makeham function 

model: 
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where x>x0, is age, from which the compensation is performed using the modified Gompertz - 

Makeham model, a, b, c and γ  are parametes.   

Himes – Preston – Condran 

This model is designed primarily for high ages. It is based on two components. The first 

component is called Himes - Preston - Condran mortality standard. Its design is based on 

empirical data from 16 - demographically advanced countries in the years 1948 - 1985. The 

second component is an extension of the mortality standard for the ages from 95 to 115 years 

(assuming linear growth logit - transformed age - specific mortality rates ).  

Original model (Boleslawski & Tabeau, 2001):  
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where a, b are estimates of model parameters, x is age a mx is specific mortality rate.   

Heligman – Pollard 

This model was originally designed in order to eliminate the lack of the previous models. It 

contained eight parameters and tried to describe the entire age span. The model consists of 

three parts. Because previous models focused on mortality at the highest ages, we will 

consider only the third part of this model this model (ie the one that deals with mortality in 

old age ).  



Model (Boleslawski & Tabeau, 2001): 
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where a, b are parameters, x is age a qx is probability of death.  

Thatcher 

Thatcher's model is one of the logistic models because it assumes logistic mortality curve. 

Model (Burcin et al., 2010): γµ +
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where xez .. βα=  , ,α  β  a γ are parameters. 

Kannistö 

Kannistö´s model is a special case of the logistic function where the logit transformation of 

mortality rates is expressed as a linear function of age.  

Model (Burcin et al., 2010): )]80.([
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where 10,ΘΘ are parameters, which take non-negative values, xµ is intensity of mortality in 

age x.  

Kannistö’s model is again specifically designed for the highest ages.  

Beard 

Beard‘s model is also one of the logistic models.  

Model (Boleslawski & Tabeau, 2001): 
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where a, b, c are parameters and mx is specific mortality rate in age x.  

Cubic model 

It is an extension of Gompertz - Makeham function.  

Model (Burcin et al., 2010): 
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For the estimation is better to use its logarithmic transformation: 



ExDxCxBx ln.ln.ln.lnln 32 +++=µ , 

where x is age and B, C, D, E are parameters.  

Coale – Kisker 

This model is focused on changes in mortality rates between 2 successive ages. It is further 

assumed that the growth rate of mortality at the highest ages decreases linearly. Based on this 

assumption was defined variable kx (Boleslawski & Tabeau, 2001): 
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where mx is specific mortality rate in age x.  

From the age 85, it is assumed that kx is linear: 

skxkkx ).( 8585 −−= ,            (10) 

where k85 and s are parameters and x is age.  

The validity of this model is based on two assumptions. The first is that mortality rates around 

the age of 85 years must be as reliable and thus we can determine the parameter  k85 directly 

from empirical data. The second assumption concerns the mortality rates in the age that is 

considered to be the highest attainable. Coale and Kisker this age set at 110 years. 

Determining the rate of mortality in the 110 years of it to estimate the parameters Coale and 

Kisker set the value of mortality at the age of 110 years to 1.0 for men and 0.8 for women. 

Both values based on developement of mortality in Sweden (Boleslawski & Tabeau, 2001). 

The resulting model then essentially corresponds to the (Boleslawski & Tabeau, 2001):  
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where a, b a c are parameters. 

Denuit – Goderniaux 

This model is based on the alignment table function probability of death qx . Probability of 

death was calculated based on the knowledge mx using the relationship xm
x eq −−= 1 .  



Model (Burcin et al., 2010): xx xcxbaq ε+++= 2
^
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where 
^

xq  is the estimate qx a, b, c are parameters and xε is random component. 

The model is suitable for ages over 75 years and it is based on two assumptions. The first is 

that the probability of death at the highest age considered the unit. The second assumption is 

that the derivative of probability of death is zero.  

Polynomial function 

The second degree polynomial function (Boleslawski & Tabeau, 2001): 

2.. xcxbamx ++= ,            (13) 

The third degree polynomial function: 32 ... xdxcxbamx +++= ,     (14) 

where x is age and a, b, c, d are parameters. 

Weibull 

Weibull distribution, in addition to estimating the viability of machines used for modeling 

mortality. Model had the following form (Boleslawski & Tabeau, 2001):  

a
x xbm .= ,              (15) 

where x is age and a, b are parameters. 

Models can be notionally divided into 3 groups. The first group are the models on which the 

estimated probability of death reach values very close to 1 at relatively low ages (from about 

105 to the 115 years). The second group includes models, which also leads to values of 

probability of deaths very close 1 (1 to the likelihood of reaching the very high ages). The 

third group includes models for which the likelihood of death only reach values  around 0.6, 

even for high ages (ie ages over 120 years). For the first two groups is assumed unlimited 

growth flattened values of mortality rates with age (only difference is the speed of increasing 

at the highest ages). In the third group the unlimited growth is not expected, but assumes 

a limit approximation to a finite value. The first group includes Coale - Kisker or Gompertz - 

Makeham model. The second group includes Weibull or modified Gompertz - Makeham 

model. In the third (the most optimistic) group we find Thatcher or Kannistö model (Burcin et 



al.,2010). 

It is important to realize that the using of each model influences the level of life expectancy. 

The lowest life expectancy we get from using the Gompertz - Makeham model. Higher life 

expectancy is obtained from using logistic models. 

Currently, the most commonly used logistic models. The most commonly used model is 

Kannistö model (also used for leveling of mortality rates in the framework of the Human 

Mortality Database). Though using logistic models get a higher life expectancy (these models 

are rather optimistic). On the other hand among pessimistic models belongs eg. Gompertz – 

Makeham model. 

For most models, to estimate the parameters is used the method of least squares (except 

modified Gompertz - Makeham model, here it is necessary to use the method of nonlinear 

least squares). 

1.1. Application of selected models to the data on mortality Czech population 

For practical application, I selected a few of the previously mentioned models: Coale - Kisker, 

Gompertz - Makeham, modified Gompertz - Makeham, Heligman – Pollard, Kannistö and 

Thatcher model. The results obtained from using different models will be compared with the 

results obtained from using the methodology of the Czech Statistical Office (Czech Statistical 

Office, 2012) and the results of mortality tables without extrapolation. The calculation was 

based on data from 2009 (Eurostat, 2012).  

 



Tab. 1a: Life expectancy at selected ages after applying selected models for balancing 

and extrapolating mortality curves 

Model 

Life expectancy at the exact age - Czech Republic - Men 

0 15 20 50 65 80 85 90 95 100 

Coale - Kisker 74,2 59,5 54,7 26,5 15,1 6,6 4,6 3,0 1,8 1,1 

Gompertz 74,2 59,6 54,7 26,5 15,2 7,1 5,2 3,7 2,6 1,8 

Gompertz-Makeham 74,2 59,6 54,7 26,5 15,2 6,7 4,7 3,2 2,1 1,4 

Heligman-Pollard 74,2 59,6 54,7 26,6 15,2 7,2 5,4 3,9 2,9 2,1 

Kannistö 74,4 59,8 54,9 26,8 15,4 7,2 5,5 4,1 3,1 2,4 

Thatcher 74,2 59,6 54,8 26,6 15,3 6,8 4,9 3,5 2,6 1,9 

Life tables accorging to 

the Czech Statistical 

Office methodology 74,2 59,6 54,7 26,6 15,3 6,8 4,8 3,4 2,4 1,7 

Life tables without 

extrapolation 75,0 60,6 55,7 27,4 15,8 7,2 5,1 3,7 3,3 6,5 

 Source: http://epp.eurostat.ec.europa.eu/portal/page/portal/statistics/search_database 

From the table of life expectancy for men in Czech Republic is evident that the lowest life 

expectancy, is obtained from using the Coale - Kisker model (this applies to the entire age 

range). On the contrary, the highest values are achieved in Kannistö model. Life expectancy 

obtained from using the other models are somewhere between these two models. The results 

obtained from using the Gompertz - Makeham or modified Gompertz - Makeham model are 

initially very close to those obtained from applying Coale - Kisker model. The situation is 

changing in 80 years, when the Gompertz - Makeham model is closer to values obtained by 

Thatcher model. In contrast, the modified Gompertz - Makeham model is still the closest to 

Coale - Kisker model. If we compare the results obtained from using the Czech Statistical 

Office methodology, we find out that this methodology provides a somewhat lower life 

expectancy (this applies especially for lower ages). 

If we look at the life tables without extrapolation we find out that we have received a higher 

life expectancy (compared to the other models). This applies until the age of 85 years, when 

the higher values of life expectancy are emerging eg Kannistö model. The situation is changed 



in the age of 95 years when life expectancy derived from mortality tables without 

extrapolation are again the highest.  

 

Tab. 1b: Life expectancy at selected ages after applying selected models for balancing 

and extrapolating mortality curves 

Model 

Life expectancy at the exact age - Czech Republic - Women 

0 15 20 50 65 80 85 90 95 100 

Coale - Kisker 80,1 65,4 60,5 31,4 18,3 7,5 4,9 2,9 1,5 0,8 

Gompertz 80,3 65,6 60,7 31,6 18,5 8,0 5,5 3,7 2,3 1,4 

Gompertz-

Makeham 80,2 65,5 60,6 31,5 18,4 7,6 5,1 3,2 1,9 1,1 

Heligman-

Pollard 80,3 65,7 60,7 31,7 18,5 8,1 5,7 3,9 2,6 1,8 

Kannistö 80,4 65,7 60,8 31,7 18,6 8,2 5,9 4,1 2,9 2,1 

Thatcher 80,3 65,6 60,7 31,6 18,5 7,8 5,3 3,5 2,4 1,8 

Mortality 

table 

according to 

the Czech 

Statistical 

Office 

methodology 80,3 65,7 60,7 31,7 18,6 7,8 5,4 3,7 2,5 1,7 

Life tables 

without 

extrapolation 81,2 66,7 61,8 32,6 19,4 8,5 5,9 4,2 3,5 6,1 

 Source: http://epp.eurostat.ec.europa.eu/portal/page/portal/statistics/search_database 

From the table of life expectancy for women is evident the same fact as for czech men. This 

means that the lowest life expectancy is obtained from using Coale - Kisker model (this 

applies to the entire age range). Similarly, the maximum value is obtained at Kannistö model. 

Life expectancy according to the other models are somewhere between these two models. The 



results obtained from using the modified Gompertz - Makeham function is initially very close 

to those obtained from applying Coale - Kisker model. Change starts at the age of about 90, 

when the results obtained from the modified Gompertz - Makeham are more different. If we 

use the Gompertz - Makeham function, the situation is somewhat different. The early results 

are essentially identical to the life expectancy according to the Thatcher model. 

Approximately et the age of 80 the situation is changing. Here Gompertz - Makeham model 

provides a higher life expectancy. According to the Czech Statistical Office methodology we 

obtain a rather high life expectancy (this is true under the age of 65 years). From 85 years, 

these values are average among the selected models. 

When we compare the results obtained from mortality tables without extrapolation, we can 

see that the values from mortality tables without extrapolation are higher (this applies to the 

entire age range). A significant difference in the results obtained can be observed at the age of 

100 years. Here, the value of life expectancy from life tables without extrapolation is 

significantly different from other values .  

 

Conclusion 

From the obtained results it can be concluded that some models give us very optimistic results 

and the others are very pessimistic. Among the most optimistic models can be concluded 

Kannistö model that provides the highest life expectancy (among selected models). In 

contrast, the pessimistic models can assign Coale - Kisker, and then also the modified 

Gompertz - Makeham function. Both of these models provide a lower life expectancy. 

Opinions on which of the selected models is the best, will probably change in the future. It has 

to do with further improvements in the development of mortality as well as providing a higher 

quality  of statistical data. 

Nowadays demographers give the priority to logistic models (Gavrilov & Gavrilova, 2011). 

Among the most widely used models belongs Kannistö model, which is used for leveling of 

mortality curve in the Human Mortality Database. 
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